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ROTATION NUMBERS AND ROTATION CLASSES ON
ONE-DIMENSIONAL TILING SPACES
JOSE´ ALISTE-PRIETO, BETSEYGAIL RAND, AND LORENZO SADUN
Abstract. We extend rotation theory of circle maps to tiling spaces.
Specifically, we consider a 1-dimensional tiling space Ω with finite lo-
cal complexity and study self-maps F that are homotopic to the iden-
tity and whose displacements are strongly pattern equivariant (sPE).
In place of the familiar rotation number we define a cohomology class
[µ] ∈ Hˇ1(Ω,R). We prove existence and uniqueness results for this
class, develop a notion of irrationality, and prove an analogue of Pon-
care´’s Theorem: If [µ] is irrational, then F is semi-conjugate to uniform
translation on a space Ωµ of tilings that is homeomorphic to Ω. In such
cases, F is semi-conjugate to uniform translation on Ω itself if and only
if [µ] lies in a certain subspace of Hˇ1(Ω,R).
1. Introduction
Since 1885, rotations numbers have been used to understand orientation-
preserving self-homemorphisms f : S1 → S1 of the circle S1 = R/Z. The
basic questions of rotation theory are:
(1) When is f the time-1 sampling of a uni-directional flow on S1?
(2) When is f conjugate to a uniform rotation on S1?
(3) When is f semi-conjugate to a uniform rotation on S1?
The first two questions are of course equivalent, since any uni-directional
flow is conjugate to a constant flow. However, in the more general setting
considered in this paper, they will turn out to be different.
Every orientation-preserving homeomorphism f : S1 → S1 lifts to a
homeomorphism F : R → R such that F (x + 1) = F (x) + 1 for all x ∈ R.
Poincare´ [Poi85] defined the translation number of F to be limn→∞
Fn(x)−x
n
.
This limit exists for all lifts F and starting points x, and does not depend
on x. Different lifts give translation numbers that differ by integers, and
the rotation number of f is their common image in R/Z.
Poincare´ showed that, if the rotation number is irrational, then f is semi-
conjugate to a uniform rotation on the circle. Denjoy [Den32] generated
examples where this semi-conjugacy is not a conjugacy. However, he also
showed that if f is sufficiently smooth (specifically, if f ′ has bounded vari-
ation, and in particular if f is C2) then the semi-conjugacy must in fact
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be a conjugacy. If L is any length, the circle R/LZ can be viewed as the
orbit, under translations, of a tiling that is periodic with period L. We can
then view an orientation-preserving homeomorphism of R/LZ as a map on
a space of periodic tilings. The goal of this paper, which can be viewed
as an extension of [AP10], is to extend rotation theory to 1-dimensional
non-periodic tiling spaces.
Extensions of rotation theory to higher dimensions and to non-periodic
settings have been considered by many authors in the literature. Mis-
iurewicz and Ziemian [MZ89] extended rotation theory to maps of tori
that are homotopic to the identity. There has been an extensive work on
the study of such maps and a Poincare´ Theorem was obtained first for
quasiperiodically forced circle maps by Stark and Ja¨ger in [JS06] and later
extended to ρ-bounded pseudo-rotations by Ja¨ger in [Ja¨g09]. Extending
rotation-theory to non-periodic settings goes back perhaps to R. Johnson
and J. Mo¨ser [JM82] who studied the rotation number of an almost peri-
odic Schro¨dinger equation. J. Kwapisz [Kwa00] studied the rotation sets
for maps of the real line with almost-periodic displacement in the sense of
Bohr. Tiling spaces have a similar structure to solenoids, and rotation the-
ory for solenoids was developed by A. Clark [Cla05]. Later, the first author
[AP10] studied the rotation numbers for maps of the real-line with pattern-
equivariant displacements and obtained a Poincare´ Theorem for ρ-bounded
maps with irrational rotation numbers. In [APJ12], the first author and
T. Ja¨ger obtained a Poincare´ Theorem that includes at the same time the
almost-periodic case studied by Kwapisz and the quasiperiodically forced
circle case studied by Stark and Ja¨ger.
1.1. Statements of the main theorems. If Ω is such a tiling space,
we study self-homeomorphisms F : Ω → Ω that are homotopic to the
identity (“identity-homotopic”) and that have strong pattern equivariant
displacement (sPE displacement) (See section 2 for a precise definition) .
Instead of defining a rotation number ρ, we define a rotation class [µ] in
the first Cˇech cohomology Hˇ1(Ω,R), and define what it means for this class
to be irrational. (Note that Hˇ1(S1,R) = R, so a rotation class for a circle
map is just a number. The usual rotation number ρ turns out to be µ−1
(mod 1).) We prove the following main theorems under the assumptions
that our tiling space Ω is compact, minimal and uniquely ergodic, and that
F : Ω→ Ω is a strongly pattern equivariant map, homotopic to the identity.
These terms are defined precisely in Section 2. If these assumptions are met,
we write F ∈ F(Ω), or sometimes just F ∈ F when the space Ω is clear.
Theorem 1 (Proposition 11). If F ∈ F(Ω) is the time-one sampling of
a uni-directional strongly pattern-equivariant flow, and if F has no fixed
points, then the rotation class [µ] of F exists.
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In Section 6, we exhibit a tiling space Ω and a map F ∈ F with no fixed
points such that [µ] does not exist, implying that this F does not come from
an sPE flow.
Rotation classes are defined, using a de-Rham like cohomology theory, via
differential forms (rotation forms) meeting certain combinatorial conditions.
If µ meets these conditions and µ′ is cohomologous to µ, then µ′ also meets
these conditions and we say that [µ] is a rotation class.
Theorem 2 (Theorem 15). If F ∈ F(Ω) has rotation forms µ and ν, and
if [µ] is irrational, then µ and ν are cohomologous.
That is, rotation classes are unique if they are irrational. However, there
exist maps that admit multiple rotation classes, all of them rational. We
construct such a map in Section 6.
Theorem 3 (Theorem 16 and Corollary 18). If F ∈ F(Ω) and if the rota-
tion class [µ] of F exists and is irrational, then F is semi-conjugate to the
time-one sampling of a strongly PE uni-directional flow on Ω.
There are two key differences between these results and the classical the-
ory of circle maps. The first difference is that we do not have an analogue
of Denjoy’s Theorem. While we conjecture that some version of Denjoy’s
Theorem is still true, the usual proofs fail spectacularly in the setting of
tiling spaces.
The second difference is that if F is (semi-)conjugate to the time-1 sam-
pling of a uni-directional (and strongly PE) flow on Ω, this does not imply
that F is (semi-)conjugate to a uniform translation on Ω itself. Instead, it
implies that F can be (semi-)conjugated to a uniform translation on another
tiling space Ω′ that is homeomorphic to Ω. Whether the translation action
on Ω is topologically conjugate (up to a uniform rescaling) to the translation
action on Ω′ is a purely cohomological question. Applying results of [JS18],
we show there is a subspace of H1(Ω,R), denoted R dx⊕H1AN(Ω,R), such
that the translation actions on Ω and Ω′ are topologically conjugate, up to
a uniform rescaling, if [µ] lies in that subspace. This implies that:
Theorem 4. Suppose that F ∈ F(Ω), that [µ] exists and is irrational, and
that [µ] ∈ R dx ⊕ H1AN(Ω,R) ⊂ H1(Ω,R). Then F is semi-conjugate to a
uniform translation on Ω.
The converse to Theorem 4 is false. Some tiling spaces, such as those
that come from substitutions, admit complicated self-homeomorphisms. If
F has irrational rotation class [µ] and G : Ω→ Ω is such a homeomorphism,
then F ′ = G−1 ◦ F ◦ G has rotation class [G∗µ]. If F is semi-conjugate
(by a map J) to uniform translation, then F ′ is also semi-conjugate (by
G−1 ◦ J ◦ G) to uniform translation. However, it is possible to have [µ] ∈
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R dx⊕H1AN (Ω,R) ⊂ H1(Ω,R) without having [G∗µ] ∈ R dx⊕H1AN(Ω,R) ⊂
H1(Ω,R). To avoid the difficulties posed by self-homeomorphisms of Ω, we
must restrict the form of the semi-conjugacy:
Theorem 5. Suppose that F ∈ F(Ω) and that [µ] exists and is irrational.
F is semi-conjugate to a uniform translation on Ω, via a semi-conjugacy
that sends each path component of Ω to itself, if and only if [µ] ∈ R dx ⊕
H1AN(Ω,R) ⊂ H1(Ω,R).
Theorem 4 is of course a corollary of Theorem 5. We will prove Theorem
5 in Section 5.
Theorem 5 is a version of Poincare´’s theorem that replaces the bounded-
mean motion hypothesis on F by a cohomological condition that depends
only on [µ]. In general, checking whether a given map has bounded mean
motion is difficult, while the cohomological condition in Theorem 5 can often
be checked with standard tools, especially when the tiling space comes from
a substitution or a cut-and-project scheme. The main challenge in applying
this theorem lies in developing methods to compute the rotation class of a
given map.
2. Background and precise definitions
2.1. Tilings. In one dimension, a tile is a pair t = {I, ℓ}, where I is a closed
interval and ℓ is a label. We assume that the labels are drawn from a finite
alphabet, and that tiles with the same label always have intervals of the
same length. If t = {[x1, x2], ℓ} is a tile, and if s ∈ R, then we define t−s =
{[x1 − s, x2 − s], ℓ}. That is, translating a tile means moving its support
without changing its label. A tiling is a collection of tiles, intersecting
only at their boundaries, whose union is all of R. If T = {ti} is a tiling
and s ∈ R, then T − s = {ti − s}. We sometimes denote the action of
translations on tilings by Γ, so Γs(T ) := T − s. Tilings whose tiles satisfy
the above assumptions are said to have finite local complexity, or FLC. 1
If T and T ′ are tilings built on the same set of possible tiles, consider
the set of ǫ ∈ (0, 1) such that there exist s1,2 ∈ R with |si| ≤ ǫ/2, and
such that T − s1 and T − s2 agree exactly on the interval [−ǫ−1, ǫ−1]. We
then define the distance d(T, T ′) to be the infimum of such ǫ’s, or 1 if no
such ǫ exists. That is, d(T, T ′) ≤ ǫ if T and T ′ agree on [−ǫ−1, ǫ−1] up to
translations by up to ǫ/2. With the topology defined by this metric, the
set of all possible tilings by the fixed tile set is a compact space on which
R acts by translation, i.e., an abstract dynamical system.
1The FLC condition is usually defined in terms of local patches, but in one dimension
it is equivalent to simply having finitely many possible kinds of tiles.
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The orbit of a tiling T is the set {T − s|s ∈ R}. For a fixed tiling T , we
often identify the orbit of T with a copy of R by T − s↔ s. The closure of
the orbit of T is called the continuous hull of T , or the tiling space of T , or
simply the orbit closure, and is denoted ΩT . This is a dynamical system in
its own right. A tiling T ′ is in ΩT if and only if every pattern that appears
in T ′ appears somewhere in T .
We next consider the local topology of ΩT . If T
′ ∈ ΩT and d(T ′′, T ′) <
ǫ, then T ′′ and T ′ agree on a big ball around the origin, up to a small
translation. A neighborhood of T ′ is then determined by a small real number
(of size < ǫ) describing the translation, and a point in a totally disconnected
space describing the possible extensions of the tiling beyond the big ball.
T is said to be repetitive if, for each finite pattern P that appears in T ,
there is a length LP such that every interval of length L in T contains at
least one copy of P . This is equivalent to ΩT being a minimal dynamical
system. That is, if T is repetitive and T ′ ∈ ΩT , then ΩT ′ = ΩT and the set
of patterns that appear in T ′ (sometimes called the language of T ′) is the
same as the set of patterns that appear in T . Since all the tilings in ΩT have
the same orbit closure, we usually denote their common orbit closure as Ω,
without any subscripts. In this case, the totally disconnected set described
in the previous paragraph is actually a Cantor set.
In this paper, we only consider tilings that are one-dimensional, have
FLC, and are repetitive.
2.2. Pattern-equivariant cohomology. Let T be a tiling, let φ : R→ R
be a continuous function, and let R > 0. We say that φ is pattern equivariant
(PE) with radius R with respect to T if φ(x1) = φ(x2) for all pairs (x1, x2)
of points such that T − x1 and T − x2 agree exactly on [−R,R]. That is,
the value of φ at a point x ∈ R is determined exactly by the pattern of T on
[x−R, x+R]. A function φ is called weakly PE (wPE) if it is the uniform
limit of PE functions, meaning that for any ǫ > 0 there exists an R > 0 such
that φ(x) is determined to within ǫ by the pattern of T on [x − R, x+ R].
Here, we will refer to PE functions as strongly PE (sPE) to distinguish
them from wPE functions. With respect to the local product structure of
Ω, sPE functions are continuous in the R direction and locally constant in
the Cantor direction, while wPE functions are merely continuous in both
directions.
Using the identification of R with the orbit of a tiling, we extend the
ideas of strong and weak pattern equivariance to functions on Ω. Let T be
a reference tiling. Suppose g is a map on the orbit of T whose displacement
φT (x) := g(T − x) − x is sPE (or wPE). Then g extends by continuity to
a map G on all of Ω, such that G restricted to every reference tiling T has
sPE (or wPE) displacement.
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In addition to functions with sPE displacement, we can also consider
sPE differential forms, either on R with respect to a reference tiling T , or
on Ω. Since the derivative of a function with sPE displacement is an sPE
differential forms, we define the first PE cohomology2 of T to be
H1PE,T =
sPE 1-forms
d(sPE functions)
. (1)
Kellendonk and Putnam [Kel03, KP06] (see also [Sad07]) proved that:
Proposition 6. If T is a repetitive FLC tiling, then H1PE,T is isomorphic
to the real-valued Cˇech cohomology Hˇ1(ΩT ,R).
It may happen that an sPE 1-form α is not the derivative of a function
with sPE displacement, but is the derivative of a wPE function. In that case
we say that the class [α] ∈ H1PE,T is asymptotically negligible. (This does not
depend on which representative we pick for [α].) The asymptotically negligi-
ble classes, or more precisely the corresponding elements of Hˇ1(Ω,R), form
a subspace of Hˇ1(Ω,R) denoted H1AN(Ω). Both Hˇ
1(Ω,R) and H1AN(Ω,R)
are well-studied, and many techniques are known for computing them. (See
[Sad15] and references therein.)
2.3. Self-homeomorphisms and related functions. Let Ω be a tiling
space and let T ∈ Ω be an arbitrary reference tiling. As always, we suppose
that Ω is compact and minimal, or equivalently that Ω = ΩT , where T has
FLC and is repetitive. Let F : Ω → Ω be a homeomorphism homotopic to
the identity. F must then take the path-component of T to itself. However,
the path-component of T is the same as the orbit of T , so F (T ) = T −Φ(T )
for some continuous function Φ : Ω→ R (see [Kwa10]). There must also be a
homeomorphism fT : R→ R such that, for all x ∈ R, F (T−x) = T−fT (x).
We furthermore define φT (x) = fT (x)−x. That is, F specifies where a tiling
goes, while the displacement function Φ specifies how far it moves. If we
identify the orbit of T with R by T − x ↔ x, then F becomes fT and Φ
becomes φT . We will typically use capital letters to define maps on Ω and
lower case letters to define maps on R. When the reference tiling T is clear,
we will omit the subscripts on f and φ.
In this paper we only consider maps F for which Φ is sPE. This then
implies that for every T ∈ Ω, φT is sPE with respect to T . We will denote
the set of self-homeomorphisms of Ω with sPE displacement by F(Ω), or by
F for short. Note that if φT is sPE, then φT is necessarily bounded, so fT
is orientation preserving.
2In the literature, “pattern equivariant” usually means sPE. The term “PE cohomol-
ogy” was defined before the theory of wPE forms was developed.
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2.4. Rotation numbers, rotation forms, and rotation classes. The
goal of rotation theory is to understand what happens when you iterate a
self-homeomorphism many times. For a lift F : R → R of a circle map
f : S1 → S1 this is described by a translation number, often denoted ρ and
defined as
ρ = lim
n→∞
F n(x)− x
n
. (2)
The translation number indicates how far you go on average per unit time,
or equivalently how long it takes to travel a certain distance.
Now suppose that ρ > 0. If x1 ∈ R and L is a positive integer, then x1
and x2 = x1 + L correspond to the same point on S
1. If n± are integers
such that n− < L/ρ < n+, then F
n−(x1) < x2 < F
n+(x1). In other words,
integrating dx/ρ from x1 to x2 gives sharp upper and lower bounds on how
many iterations are required to bring x1 up to and then past x2. Note that
these estimates only apply when x2 − x1 ∈ Z. If we imagine the universal
cover of S1 as being a periodic tiling with period 1, the estimates apply
whenever the patterns around x1 and x2 agree out to distance 1.
For maps F : Ω → Ω of tiling spaces, the analogue of the translation
number ρ is easy. We say that ρ is the rotation number of F if, for every
tiling T and starting point x, limn→∞
fn
T
(x)−x
n
= ρ. In [AP10], the first
author showed:
Theorem 7. Let (Ω,Γ) be a uniquely ergodic and minimal one dimensional
tiling space. Suppose that F is a homeomorphism in F without fixed points.
Then, the rotation number ρ of F exists and is different from zero.
Observe that the assumption of unique ergodicity is essential. In Section
6 we exhibit a map on a tiling space that meets all of the assumptions
of this theorem except unique ergodicity, and for which ρ does not exist.
Also observe that in our current context, the assumption of F not having
fixed points is equivalent to Φ not having zeros and (since Ω is compact)
being bounded away from zero. In the case that Φ has zeros, strong pattern
equivariance implies that in each orbit the set of zeros of Φ is relatively
dense and thus the rotation number exists and is equal to 0.
We now turn to the analogue of dx/ρ. Let µ be an sPE 1-form on R with
respect to a reference tiling T . We say that µ is a rotation form for F if
there exists a radius R such that, for all pairs of points x1, x2 ∈ R such that
T − x1 and T −x2 agree on a ball of radius R around the origin, and for all
integers n± such that n− <
∫ x2
x1
µ < n+, then x2 is strictly between f
n−
T (x1)
and f
n+
T (x1). This definition is crafted to apply even when F moves points
backwards and when
∫ x2
x1
µ is an integer. In the typical case where fT moves
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points forwards and
∫ x2
x1
µ is not an integer, the estimates simplify to
f
⌊
∫ x2
x1
µ⌋
T (x1) < x2 < f
⌊
∫ x2
x1
µ⌋+1
T (x1), (3)
where ⌊∫ x2
x1
µ⌋ denotes the greatest integer less than or equal to ∫ x2
x1
µ.
If µ is a rotation form with radius R and ν = µ + dg is cohomologous
to µ, where g is a function with sPE displacement and radius R′, then we
claim that ν is a rotation form with radius max(R,R′). This is because if
x1 and x2 are points such that T − x1 and T − x2 agree on a ball of radius
max(R,R′), then
∫ x2
x1
dg = g(x2) − g(x1) = 0, so
∫ x2
x1
ν =
∫ x2
x1
µ. In other
words, every representative of the cohomology class [µ] ∈ H1T,PE ≃ Hˇ1(Ω,R)
is also a rotation form, and we say that [µ] is a rotation class.
The first question about rotation classes is to understand their basic rela-
tionship with rotation numbers. The next statement gives a natural answer
when the tiling space is minimal and uniquely ergodic.
Proposition 8. Let (Ω,Γ) be a uniquely ergodic and minimal one dimen-
sional tiling space. Suppose F ∈ F+ has displacement with sPE radius R,
and that F has no fixed points. Suppose also that µ is a rotation form for
F . Let T be a tiling in Ω, and suppose that {xn}n∈N is a set of points in
R such that the ball of radius R around the origin in T − xn agrees with
the ball of radius R around the origin in T , and such that limn→∞ xn =∞.
Then
ρ = lim
n→∞
xn∫ xn
0
µ
. (4)
Proof. We already know, by Theorem 7, that ρ exists, is unique, and can
be computed as
ρ = lim
k→∞
fkT (0)
k
. (5)
By the definition of µ, if k = ⌊∫ xn
0
µ⌋, then fkT (0) < xn < fk+1T (0). But then
fkT (0)
k + 1
<
xn∫ xn
0
µ
<
fk+1T (0)
k
. (6)
Taking a limit of (6) as n → ∞ (and therefore k → ∞) and applying (5)
then gives (4). 
We will see in Example 6 in Section 6 that when the tiling space is not
uniquely ergodic, it is possible for a map to have a rotation class but no
rotation number. Going further, neither the existence nor the uniqueness of
the rotation class is obvious. In Section 4, we will show that, with the added
assumption of irrationality, rotation classes are in fact unique. However, in
Section 6 we will construct a map for which the rotation class does not exist.
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2.5. Collaring, shape changes and irrationality. Suppose that T is a
1-dimensional tiling with a finite alphabet A. We can generate a new tiling
Tc using the same intervals as the tiles in T , only with a larger alphabet.
For each tile t ∈ T , we replace the label ℓ ∈ A with a triple (ℓ−)ℓ(ℓ+), where
ℓ is the original label of t and ℓ± are the original labels of the tiles preceding
and following t. A tile equipped with labels indicating its predecessor and
successor is called a collared tile, and the process of relabeling is called
collaring. The new alphabet Ac ⊂ A3 is still finite, so the new tiling Tc still
has FLC. Furthermore, Tc is repetitive if and only if T is repetitive. The
obvious forgetful map ΩTc → ΩT is a homeomorphism that commutes with
translation. Since the translation actions on ΩT and ΩTc are conjugate, the
spaces ΩT and ΩTc are equivalent for our purposes. One can also repeat the
collaring process. For any radius R, it is possible to collar enough times
that the label of each (collared) tile indicates the pattern of (ordinary) tiles
around it out to distance at least R.
Now suppose that µ is a positive 1-form that is sPE with radius R with
respect to a tiling T . Without loss of generality, suppose that the tiles in T
have been collared out to that same distance R. We construct a new tiling
T ′, with the same alphabet as T , by preserving the labels of the tiles while
moving each vertex x of T to position
∫ x
0
µ. The new length of a tile t with
endpoints a and b is
∫ b
a
µ. Since µ is sPE with radius R, and since the tile
labels describe the pattern of T out to distance R, this integral depends
only on the label of t.
Note that this shape change operation does not commute with translation.
However, it does map the orbit of T to the orbit of T ′, and the orbit closure
ΩT to ΩT ′. The space Ω
′ is called the shape change of Ω by µ. For the theory
of shape changes in 1 dimension and higher dimensions see [CS03, CS06].
If µ and ν are different positive sPE 1-forms, then we can compare the
spaces Ωµ and Ων obtained by doing shape changes by µ and ν, respectively.
It turns out that the translation actions on these spaces are topologically
conjugate if and only if µ − ν is asymptotically negligible [CS06]. If µ and
ν are cohomologous, then there is an even stronger equivalence between Ωµ
and Ων , calledMutual Local Derivability, or MLD. In short, Ωµ is determined
up to MLD by [µ] ∈ Hˇ1(Ω,R) and is determined up to topological conjugacy
by the image of [µ] in the quotient space Hˇ1(Ω,R)/Hˇ1AN(Ω,R). [KB10]
Shape changes by negative 1-forms are defined similarly, and are orien-
tation reversing. If µ changes sign but has a nonzero average value (where
averaging requires unique ergodicity of ΩT ), then there is form µ¯, coho-
mologous to µ, that does not change sign; we can then do a shape change
by µ¯. When ΩT is uniquely ergodic, we can thus do shape changes by all
cohomology classes whose average values are nonzero [JS18].
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2.6. ρ-boundedness, irrationality and Poincare-like theorems. If f
is a circle homemorphism and its rotation number ρ is irrational, then
Poincare´’s Theorem asserts that f is semi-conjugate to a rotation by ρ.
In this paper, we wish to understand and state Poincare´-like theorems in
terms of the irrationality of the rotation class of a tiling homeomorphism.
Suppose that [µ] is a cohomology class represented by a positive (or neg-
ative) sPE cochain µ. Let Γ1 : Ωµ → Ωµ be the operator of translation by 1.
We say that [µ] is irrational if Ωµ is minimal with respect to the action of Γ1.
This condition only depends on the cohomology class of µ, since different
representatives of the same class give translation actions that are topolog-
ically conjugate. Equivalently, [µ] is irrational if none of the topological
eigenvalues of the translation action on Ωµ lie in Q− {0}.
We also speak of a rotation number ρ being irrational if Γρ : Ω → Ω
is minimal.3 This is equivalent to [dx/ρ] being an irrational class, since if
µ = dx/ρ, then Γ1 on Ωµ is conjugate to Γρ on Ω.
We say that F is ρ-bounded if, for every T ∈ Ω and every starting point
x, the sequence {fnT (x) − x − nρ} is bounded. This is equivalent to the
quantity fnT (x)− x− nρ being uniformly bounded as a function of n and x.
The main result of [AP10] is
Theorem 9. Let (Ω,Γ) be a uniquely ergodic and minimal one dimensional
tiling space. Let F : Ω → Ω be a orientation preserving homeomorphism
with irrational rotation number ρ. Suppose furthermore that F is ρ-bounded.
Then F is semi-conjugate to Γρ.
Thus, ρ-boundedness is a crucial property when dealing with Poincare´-
like theorems. In practice, ρ-boundedness is rather difficult to check. For-
tunately, the introduction of rotation classes allows us to understand ρ-
boundedness in cohomological terms:
Theorem 10. Suppose that F ∈ F does not have fixed points. Let ρ be
the rotation number of F and let µ be a rotation form for F . Then, the
following assertions are equivalent:
(1) F is ρ-bounded.
(2) µ− dx
ρ
is asymptotically negligible.
Proof. Suppose that µ is a positive form, the case of negative µ being sim-
ilar. Let β = µ − dx
ρ
. By the Gottschalk-Hedlund theorem (see [KS14] for
a version of this theorem specifically adapted to tiling spaces), β is asymp-
totically negligible if and only if its integral is bounded. More precisely, β
3Note that ρ is a dimensionful quantity, having units of length. As such, the naive
definition of ρ being a irrational number does not make sense.
10
is asymptotically negligible if and only if the quantity
I(x1, x2) :=
∫ x2
x1
β =
(∫ x2
x1
µ
)
− x2 − x1
ρ
(7)
is bounded as a function of x1 and x2.
First we show that ρ-boundedness of F implies asymptotic negligibility
of β. Let R be the sPE radius of µ. Suppose that F is ρ-bounded. Then
there exists a constant C such that |fnT (x) − x − nρ| < C for all n. Let x1
and x2 be two real numbers, sufficiently far apart, and suppose without loss
of generality that x1 < x2. Let x3 be such that (a) T − x3 and T −x1 agree
on a ball of radius R around the origin, (b) x1 < x3 < x2, and (c) there is
no other point between x3 and x2 satisfying properties (a) and (b). That
is, x3 is the largest return time, smaller than x2, to the pattern of radius
R around x1. By repetitivity and FLC, |x3 − x2| is uniformly bounded,
implying that I(x3, x2) is bounded. Since I(x1, x2) = I(x1, x3) + I(x3, x2),
all that remains is to bound I(x1, x3).
To see that I(x1, x3) is bounded, set n = ⌊
∫ x3
x1
µ⌋, so in particular
n− 1 <
∫ x3
x1
µ < n + 1. (8)
Since µ is a rotation form, we must also have
fn−1(x1) < x3 < f
n+1(x1). (9)
Combining these estimates, we get
I(x1, x3) =
(∫ x3
x1
µ
)
− x3 − x1
ρ
≤ n+ 1− x3 − x1
ρ
< 2− f
n−1(x1)− x1 − (n− 1)ρ
ρ
≤ 2 + C
ρ
. (10)
Similarly,
I(x1, x3) =
(∫ x3
x1
µ
)
− x3 − x1
ρ
≥ n− 1− x3 − x1
ρ
> −2− f
n+1(x1)− x1 − (n+ 1)ρ
ρ
≥ −2− C
ρ
. (11)
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Now we show that asymptotic negligibility of β implies ρ-boundedness of
F . We need to show that there exists a C > 0 such that
|fn(x1)− x1 − nρ| < C (12)
for every natural number n and every starting point x1. For each pair
(x1, n), let x
′ = fn(x1), and let R be the larger of the PE radius of f and
that of the rotation form µ. By repetitivity and finite local complexity,
there is a radius R′ such that every ball of radius R′ contains at least one
copy of every T -patch of radius R. In particular, we can find a point x2,
with |x2 − x′| < R′, such that the T -patches of radius R around x1 and x2
agree.
We will apply the triangle inequality several times. First, since |x′ − x2|
is bounded (say, by C1), we have
|fn(x1)− x1 − nρ| = |x′ − x1 − nρ|
≤ |x′ − x2|+ |x2 − x1 − nρ|
< C1 + |x2 − x1 − nρ|. (13)
Since β is asymptotically negligible,
∫
β is bounded by a constant C2 and
|x2 − x1 − nρ| ≤
∣∣∣∣x2 − x1 − ρ
∫ x2
x1
µ
∣∣∣∣+ ρ
∣∣∣∣
∫ x2
x1
µ− n
∣∣∣∣
=
∣∣∣∣
∫ x2
x1
β
∣∣∣∣+ ρ
∣∣∣∣
∫ x2
x1
µ− n
∣∣∣∣
< C2 + ρ
∣∣∣∣
∫ x2
x1
µ− n
∣∣∣∣ . (14)
To complete the proof, we need to bound
∣∣∣∫ x2x1 µ− n
∣∣∣. Since µ is a rotation
form for F with radius at most R, we have
fk−1(x1) < x2 < f
k+1(x1), (15)
where k = ⌊∫ x2
x1
µ⌋. This implies that |x2 − fk(x1)| is bounded by the
maximum value of φ (the displacement of f). Furthermore, |x2− fn(x1)| =
|x2 − x′| is bounded by R′, so |fk(x1) − fn(x1)| is bounded. Since φ has a
positive minimum value, this in turn bounds |k − n|. But k is within 1 of∫ x2
x1
µ, so we have bounded
∣∣∣∫ x2x1 µ− n
∣∣∣.

3. Flows
In this section we consider a best-case scenario, when our map F : Ω→ Ω
is the time-1 sampling of an sPE flow on Ω. In this situation, we explore
the remaining obstructions to F being conjugate to uniform translation
on Ω. We also show that F coming from a flow implies the existence of
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a rotation class. Thus the non-existence of a rotation class implies that
F does not come from such a flow, and in particular is not conjugate to
uniform translation.
Let F¯ : Ω × R → Ω be a continuous map. We say that F¯ is a flow with
sPE velocity if there exists an sPE function V : Ω→ R such that, for every
(T, t) ∈ Ω× R,
F¯ (T, t) = T − xT (t), xT (0) = 0, dxT (t)
dt
= vT (xT (t)) := V (T − xT (t)).
(16)
For each t ∈ R we define the map F¯t : Ω → Ω by F¯t(T ) = F¯ (T, t). We
say that F is the time-1 sampling of F¯ if F = F¯1. To avoid trivialities, we
assume that F has no fixed points, or equivalently that V has no zeros. As
always, we use lower-case letters with subscript T to denote maps on R (or
R×R) associated with maps on Ω (or Ω×R) via a reference tiling T . When
the reference tiling T is clear we drop the subscript T . In particular, f¯t(x0)
is the solution to the differential equation
dx
dt
= v(x); x(0) = x0. (17)
Proposition 11. Let F ∈ F . Let T be a fixed reference tiling, and identify
the orbit of T with R via T − x↔ x. If the map F is the time-1 sampling
of an sPE flow F¯ with velocity function V , then µ = dx/v(x) is a rotation
cochain whose PE radius is the same as the PE radius of v.
Proof. Suppose that x1 and x2 are points such that T −x1 and T −x2 agree
on BR(0), where R is the PE radius of v. Let s =
∫ x2
x1
dx
v(x)
. Then f¯s(x1) = x2.
Since the flow is unidirectional, if s lies between two integers n− and n+,
then x2 lies between f¯n−(x1) = f
n−(x1) and f¯n+(x1) = f
n+(x1). 
Let µ = dx/v(x), and let Ωµ be the tiling space obtained by applying the
shape change associated with µ to Ω. The shape-change homeomorphism
S : Ω → Ωµ conjugates F¯t on Ω to Γt (i.e., translation by t) on Ωµ, and in
particular conjugates F = F¯1 to Γ1 on Ωµ. However, this does not imply
that F conjugates to a uniform translation on Ω itself! That depends on
the cohomology class of µ:
Theorem 12. Let F¯ : Ω × R → Ω be a flow with never-zero sPE velocity
function V : Ω→ R, let T be a reference tiling, and let µ = dx/v(x). Let ρ
be a nonzero real number. The following four conditions are then equivalent.
(1) µ = dx
ρ
+ β, where β is asymptotically negligible.
(2) F is ρ-bounded.
(3) There is a homeomorphism H : Ω → Ω, homotopic to the identity,
that conjugates F¯t to Γρt for every t ∈ R.
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(4) There is a homeomorphism H : Ω → Ω, homotopic to the identity,
that conjugates F to Γρ.
Note that we have already proven the equivalence of conditions (1) and
(2) in Theorem 10. Before proving the rest of Theorem 12, we state and
prove a lemma relating conditions (3) and (4).
Lemma 13. Suppose Ω is the orbit closure of a 1-dimensional repetitive
tiling with FLC, that F¯ is a flow on Ω, generated by an sPE velocity function
V , that F = F¯1, and that G : Ω→ Ω′ is a homeomorphism that conjugates F
to Γ1. Then there exists a (possibly different) homeomorphism G˜ : Ω→ Ω′
that conjugates F¯t to Γt for all t ∈ R.
Proof of Lemma 13. Pick a reference tiling T , and let X be the closure of
the F -orbit of T . We will use the notation Tt, Ts, etc. as shorthand for
F¯t(T ), F¯s(T ), etc. Let S be the set of all t’s such that Tt ∈ X . We claim
that S is a closed subgroup of R that contains the integers.
Closure comes from the fact that if there is a sequence of ti ∈ S converging
to t∞, then Tt∞ is arbitrarily well-approximated by the Tti ’s, each of which
can be arbitrarily well-approximated by some Tni = F
ni(T ), where ni ∈ Z,
so Tn∞ ∈ X and t∞ ∈ S.
To see the group property, suppose that s and t are in S and pick an
ǫ > 0. We must find an integer N such that d(TN , Ts+t) < ǫ, where d is the
tiling metric.
The map F¯t is uniformly continuous, so there is a δ1 such that if two
tilings are within δ1, then their images under F¯t are within ǫ/2. Since s ∈ S,
we can find an integer n such that d(Tn, Ts) < δ1. Since F
n is uniformly
continuous, there is a δ2 such that if two tilings are within δ2, then their
images under F n are within ǫ/2. Since t ∈ S, there exist an integer m such
that d(Tm, Tt) < δ2.
We then have
d(Tn+m, F
n(Tt)) < ǫ/2 since d(Tm, Tt) < δ2,
F n(Tt) = Tn+t = F¯t(Tn),
d(F¯t(Tn), Ts+t) < ǫ/2 since d(Tn, Ts) < δ1,
d(Tn+m, Ts+t) < ǫ by the triangle inequality. (18)
Thus s + t ∈ S. Since S is a closed subgroup of R containing Z, either
S = R or S is a cyclic group generated by a fraction 1/q. We will treat each
of these cases in turn.
First suppose that S = R. For each t ∈ R, let χ(t) be such that G(Tt) =
G(T )− χ(t).
Since F = F¯1 commutes with F¯t and conjugates to Γ1, we must have
χ(t+1) = χ(t)+1. We will show that for all s, t ∈ R, χ(s+t) = χ(s)+χ(t).
This, combined with χ being the identity on Z, implies that χ is the identity
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on Q. By continuity, χ is then the identity on all of R, and G conjugates
F¯t to Γt on the orbit of T . By continuity, G then conjugates F¯t to Γt on all
of Ω.
Since S = R, we can find an integer n such that Tn approximates Tt
arbitrarily well. Since F¯s is uniformly continuous, this implies that Tt+s
is approximated arbitrarily well by Tn+s. Now, for any tiling T
′, G(T ′s)
is a translate of G(T ′), and the relative spacing of these two tilings is a
continuous function of T ′. Thus the displacement between G(Ts+t) and
G(Tt), which is χ(t+ s)−χ(t), can be arbitrarily well approximated by the
relative displacement of G(Tn) and G(Tn+s), namely χ(n+ s)− χ(n).
However, G conjugates F n to translation by n, so χ(n) = n and χ(n+s) =
n+χ(s). Thus χ(s+ t)−χ(t) is arbitrarily well approximated by χ(s), and
must therefore equal χ(s). This completes the proof in the case that S = R.
Finally, suppose that S = 1
q
Z. The previous arguments show that χ is
the identity on 1
q
Z, but say nothing about how χ behaves on the interval
(0, 1/q). However, no two points on this interval are in the same orbit
closure, so we are free to pick any orientation-preserving homeomorphism
χ : [0, 1/q] → [0, 1/q]. In particular, we can pick the identity, resulting in
G˜(T − t) = G(T )− t for all t. We then extend G˜ to all of Ω by continuity,
and G˜ conjugates F¯t to Γt. 
Proof of Theorem 12. The first two conditions are equivalent by Theorem
10. Next we show that the first and third conditions are equivalent. We
apply a shape change by µ to Ω to get a new tiling space Ωµ, and then apply
a uniform dilation by ρ to Ωµ to get a further space Ωρµ. Let H0 : Ω→ Ωρµ
be the resulting shape change map. These shape changes conjugate F¯t on
Ω to Γt on Ωµ to Γρt on Ωρµ. In particular, H0 conjugates F on Ω to Γρ on
Ωρµ.
However, what we want is to find a homeomorphism H : Ω → Ω, ho-
motopic to the identity, that conjugates F¯t to Γρt. If this exists, then
H0 ◦ H−1 : Ω → Ωρµ is a topological conjugacy. Conversely, if there ex-
ists a topological conjugacy G : Ω → Ωρµ, homotopic to H0, then we can
take H = G−1 ◦H0. Thus condition (3) is equivalent to the existence of a
topological conjugacy G between Ω and Ωρµ that is homotopic to H0.
The (non)existence of such a conjugacy is addressed with the results
of [Jul17, JS18]. Each homeomorphism G : Ω → Ω′ of tiling spaces is
associated to a class [G] ∈ Hˇ1(Ω,Rd) (where d is the dimension of the tiling
space, in our case d = 1). Homotopic maps yield the same class, and the
class of a shape change is represented by the form generating the shape
change, so if Ω′ = Ωρµ and g is homotopic to h0, then
[G] = [H0] = ρµ = dx+ ρβ. (19)
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By a theorem of [Jul17], the spaces Ω and Ω′ are topologically conjugate, via
a map homotopic to G, if and only if [G− dx] is asymptotically negligible.
Thus condition (3) is equivalent to the asymptotic negligibility of ρβ, which
is of course equivalent to the asymptotic negligibility of β.
Thus the first three conditions are equivalent. By specializing to t ∈ Z,
the third condition implies the fourth. Lemma 13, applied to a uniform
rescaling of Ω by ρ−1, shows that the fourth condition implies the third. 
4. Existence, uniqueness, and Poincare’s theorem.
4.1. Existence of µ and semi-conjugacy to a flow. Proposition 11 says
that a map F ∈ F(Ω) that comes from a flow with sPE velocity has an sPE
rotation form µ, and a corresponding rotation class [µ]. But what if F is
merely conjugate, or semi-conjugate, to a map F ′ with sPE displacement
on another space Ω′ that comes from a flow with sPE velocity? Does that
imply that F itself comes from a flow with sPE velocity? If not, does it at
least imply that F admits a rotation class?
These questions are surprisingly hard. The difficulty is that a general
(semi-)conjugacy does not have to respect the local product structures. If
H : Ω → Ω′ (semi-)conjugates a map F ∈ F(Ω) to a map F ′ ∈ F(Ω′),
and if µ′ is a rotation form for F ′, there is no guarantee that H∗µ′ is sPE.
To make progress on these questions, we must restrict our attention to the
subset of (semi-)conjugacies for which H∗µ′ is in fact sPE.
Suppose that F ∈ F(Ω), that H : Ω → Ω′ is a map of tiling spaces,
and that F ′ ∈ F (Ω′). If F ′ ◦ H = H ◦ F , then we say that H is a semi-
conjugacy of F to F ′. If in addition H is a homeomorphism, we say that
H is a conjugacy of F to F ′. As usual, we identify the orbits of T ∈ Ω
and T ′ = H(T ) ∈ Ω′ with R, resulting in maps f and f ′ on R, a map h
from the copy of R representing the orbit of T to the copy of R representing
the orbit of T ′, and a flow f¯ ′ : R × R → R. If f ′ comes from an flow f¯ ′
with sPE velocity function v′, and if the pullback by h of the rotation form
µ′ = dx/v′(x) is sPE, then we say that H is a local (semi-)conjugacy of F to
the time-1 sampling by a flow, and we say that F is locally (semi-)conjugate
to F ′. (The word “local” here refers to the fact that local semi-conjugacies
typically preserve the local product structure of the tiling space Ω.)
These definitions may sound restrictive, but in fact we will show (Corol-
lary 18) that whenever F admits an irrational rotation class, it is locally
semi-conjugate to uniform motion.
If H is a local conjugacy, then we can pull F¯ ′ back to get a flow F¯ on
Ω, such that F is the time-1 sampling of F¯ . Since µ = H∗(dx/v′) = dx/v
is sPE, the function v(x) is sPE, so µ = dx/v is a rotation cochain for F
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by Proposition 11. The following theorem shows that F admits a rotation
cochain even when H is only a local semi-conjugacy.
Theorem 14. Let F ∈ F(Ω). Suppose that F is locally semi-conjugate, via
a map H : Ω → Ω′, to the time-1 sampling of an sPE flow F¯ ′ on Ω′. Pick
reference tilings T ∈ Ω and T ′ = H(T ) ∈ Ω′, and identify the orbits of T
and T ′ with R as usual. Let µ′ = dx/v′(x) and let µ = h∗(µ′). Then µ is
an sPE rotation cochain for F whose radius (as a rotation cochain) is the
same as its PE radius.
Proof. Without loss of generality, supposed that F¯ is a forwards flow, so
that t1 < t2 implies that f¯t1(y) < f¯t2(y) for every y ∈ R.
Let R be the PE radius of µ, and suppose that T − x1 and T − x2 agree
out to radius R. Then
∫ h(x2)
h(x1)
µ′ is the travel time from h(x2) to h(x1) under
the flow f¯ ′. Suppose that n−, n+ ∈ Z and that n− <
∫ x2
x1
µ < n+. Then
n− <
∫ h(x2)
h(x1)
µ′ < n+. (20)
Thus, for any y,
f¯n−(y) < f¯∫ h(x2)
h(x1)
µ′
(y) < f¯n+(y), (21)
so
f¯n−(h(x1)) < f¯∫ h(x2)
h(x1)
µ′
(h(x1)) < f¯n+(h(x1)), (22)
f¯n−(h(x1)) < h(x2) < f¯n+(h(x1)). (23)
Since h ◦ f = f¯1 ◦ h,
h ◦ f (n−)(x1) < h(x2) < h ◦ f (n+)(x1). (24)
Note that although x < y only implies h(x) ≤ h(y), it is still the case that
h(x) < h(y) implies x < y. Therefore
f (n−)(x1) < x2 < f
(n+)(x1). (25)
Since x1 and x2 were arbitrary points whose neighborhoods agreed to dis-
tance R, µ is a rotation cochain with radius R. 
4.2. Uniqueness of the rotation class.
Theorem 15. Suppose that the map F : Ω → Ω has rotation forms µ and
ν, and that [µ] is irrational. Then µ and ν are cohomologous. That is, the
rotation class is unique.
Proof. We do a shape change S : Ω → Ωµ by µ. Using S and S−1, we
transfer quantities from Ω to Ωµ. In the process, µ becomes (S
−1)∗µ = dx,
ν becomes ν ′ = (S−1)∗(ν), and F becomes F ′ = S◦F ◦S−1. By construction,
dx and ν ′ and are rotation forms on Ωµ for F
′. We will show that dx and ν ′
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are cohomologous on Ωµ, which will imply that µ and ν are cohomologous
on Ω.
Let T ′ ∈ Ωµ be a reference tiling, and as usual we identify the translational
orbit of T ′ with R. Let x1 and x2 be corresponding points in sufficiently
large identical patches in T ′. Since dx is a rotation class, if there is an
integer n such that n < x2 − x1 < n+ 1, then (f ′)n(x1) < x2 < (f ′)n+1(x1).
Similarly, if m <
∫ x2
x1
ν ′ < m+ 1 for some integer m, then (f ′)m(x1) < x2 <
(f ′)m+1(x2). That is, m must equal n, so whenever x2−x1 is not an integer,
we must have ⌊∫ x2
x1
ν ′⌋ = ⌊x2 − x1⌋.
Since the integral of ν ′ − dx is bounded (by one) on returns to similar
patches, and since these patches appear with bounded gaps, the integral of
ν ′ − dx is bounded, so ν ′ − dx is asymptotically negligible. Thus there is a
function G with wPE displacement on Ωµ, and a corresponding function g
with wPE displacement on R, such that ν ′ = dx+ dg. Our goal is to show
that g has sPE displacement, hence that dx and ν ′ are cohomologous.
If the displacement of g is not sPE, then there exists a positive ǫ, and
corresponding points x3 and x4 in identical large patches such that g(x4)−
g(x3) > ǫ. Since the action of Γ1 is minimal on Ωµ, we can find an integer
n such that n + x3 is less than ǫ/4 to the right of a point x5, such that
an arbitrarily large patch around x5 agrees with the corresponding patch
around x4. Since g is continuous, by making this patch large enough we
can ensure that |g(x5) − g(x4)| < ǫ/2. Thus we have g(x5) ≥ g(x3) + ǫ/2
and n− ǫ/4 < x5 − x3 < n for some integer n. But then
∫ x5
x3
ν ′ = x5 − x3 +
g(x5)− g(x3) is slightly greater than n, and the integer parts of x5−x3 and∫ x5
x3
ν ′ do not agree, which is a contradiction.
We conclude that g does in fact have sPE displacement, so ν ′ and dx are
cohomologous, so µ and ν are cohomologous. 
The assumption that µ is irrational cannot be removed. In Section 6 we
construct a map on a tiling space that admits multiple rotation classes, all
of them rational.
4.3. Existence and irrationality imply semi-conjugacy.
Theorem 16. Suppose that the map F : Ω → Ω has a rotation class [µ]
that is irrational. Then F is semi-conjugate to uniform translation by 1 on
Ωµ.
Proof. The proof follows the same idea as the proof of Theorem 15. We
start by doing a shape change S : Ω → Ωµ by µ. Pulling everything back
to Ωµ, we check that µ becomes dx, F becomes F
′ = S ◦ F ◦ S−1 and that
dx is a rotation form for F ′. Since [µ] is irrational, translation by 1 on Ωµ
is minimal, that is, 1 is Ωµ-irrational. By Theorem 7, F
′ is ρ-bounded with
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ρ = 1, which in turn implies that F ′ preserves orientation. Since F ′ satisfies
the assumptions of Theorem 9 with ρ = 1, there is a new map H ′ : Ωµ → Ωµ
which semi-conjugates F ′ to translation by 1. Hence F is semi-conjugate,
by H ′ ◦ S, to translation by 1 on Ωµ. 
Note that this theorem proves the existence of a semi-conjugacy, but does
not prove the existence of a local semiconjugacy. The results of this section
can be summarized as follows:
(1) If µ does not exist, then F is not locally semi-conjugate to the time-1
sampling of an sPE flow.
(2) If µ exists and is irrational, then F is semi-conjugate to the time-1
sampling of an sPE flow. In the next section, we will see that this
semi-conjugacy is in fact local.
(3) If µ exists and is rational, there is no reason to expect F to be semi-
conjugate to the time-1 sampling of an sPE flow, or even of any
flow. In fact, by modifying examples for circle maps, it is easy to
construct examples of F ’s that are not.
5. Exploring the semi-conjugacy.
In this section we assume throughout that µ exists and is irrational, hence
that F is semi-conjugate to the time-1 sampling of a flow. We examine
the possible form of this semi-conjugacy. First we show that the semi-
conjugacy must be a local map. This allows for a strengthening of Theorem
16, completing the proof of Theorem 3. We then address Theorems 4 and
5. Finally, we consider the barriers to showing that the semi-conjugacy is
actually a conjugacy. That is, we set up for framework for the analogue of
Denjoy’s Theorem, and explain why the usual proofs for circle maps cannot
be carried over to tilings. Stating and proving the analogue of Denjoy’s
Theorem is an intriguing problem for future work.
Let F be a map on Ω with irrational rotation form µ. Applying a shape
change by µ, let Ωµ be the space whose rotation class is exactly dx. We will
use the convention that maps denoted with ˜ refer to Ωµ, and so F˜ is a map
on Ωµ, where F˜ (T ) = T − Φ˜(T ). As F˜ is iterated under n, let Φ˜n be the
displacement of F n(T ), defined by F˜ n(T ) = T − Φ˜n(T ). For T ∈ Ωµ, let
Ψ˜(T ) = lim sup
n∈N
{Φ˜n(T )− n}, ˜(T ) = T − Ψ˜(T ), (26)
so that Ψ˜ : Ωµ → R and ˜ : Ωµ → Ωµ.
For a fixed reference tiling T˜ ∈ Ωµ whose orbit is identified with R, let
f˜ = F˜ |T˜ and f˜(x) = x+ φ˜(x), as usual. For x ∈ T˜ , let
ψ˜(x) = lim sup
n∈N
{φ˜n(x)− n}, ˜(x) = x+ ψ˜(x), (27)
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where ˜ : T˜ → T˜ and ψ˜ is its displacement. As with Φ˜n, φ˜n(x) represents
the displacement of f˜n(x), rather than the nth composition of φ˜ with itself.
The proof of Theorem 9 (see [AP10]) shows that Ψ˜ and ˜ are continuous
on the orbit of T˜ , and that ˜ extends by continuity to a semi-conjugacy.
Since f˜ is monotonic, the function ˜ is non-decreasing. If ˜ is strictly in-
creasing, then ˜ is a conjugacy. However, if there are intervals where ˜ is
constant, or equivalently where ψ˜ has derivative −1, then ˜ is not injective.
Distinguishing between these two cases boils down to understanding ψ˜.
5.1. Strong pattern equivariance and locality.
Theorem 17. The function ψ˜ is sPE. That is, there exists a constant R
such that if T˜ − x and T˜ − y agree out to distance R, then ψ˜(x) = ψ˜(y).
Proof. Let R0 be the radius of the rotation form dx. By the definition of a
rotation form, if T˜ − x and T˜ − y agree out to distance R0, and if y − x is
not an integer, then (f˜)L(x) < y < (f˜)L+1(x), where L = ⌊y − x⌋.
Suppose that T˜ − x and T˜ − y agree to distance R0, and that k is an
integer such that y > (f˜)k(x). Then
(f˜)n(y) > (f˜)n+k(x),
y + φ˜n(y) > x+ φ˜n+k(x),
φ˜n(y)− n > φ˜n+k(x)− n− y + x,
= φ˜n+k(x)− (n+ k)− (y − k − x). (28)
As a result,
lim sup
n∈N
{(φ˜)n(y)− n} > lim sup
(n+k)∈N
{(φ˜)n+k(x)− (n+ k)} − (y − k − x),
ψ˜(y) > ψ˜(x)− (y − k − x). (29)
If y − x is not an integer, then we can take k = ⌊y − x⌋, so
ψ˜(x)− ψ˜(y) < y − x− ⌊y − x⌋. (30)
The function ψ˜ comes from a continuous function on our tiling space Ωµ,
and so is wPE. If ψ˜ is not sPE, then there exist points x1 and x2 such that
T˜ − x1 and T˜ − x2 agree out to R0, and such that ψ˜(x1) 6= ψ˜(x2). By
swapping x1 and x2 if necessary, we can assume that ψ˜(x1) = ψ˜(x2) + ǫ,
where ǫ > 0. We will show that this is impossible.
Since ψ˜ is wPE, there is a radius R1 > R0 such that if T˜ − y1 and T˜ − y2
agree out to R1, then ψ˜(y1) and ψ˜(y2) are within ǫ/3 of each other.
Let V1 be the set of x’s such that T˜ −x agrees with T˜ −x1 out to distance
R1, and let V2 be the set of x’s such that T˜ − x agrees with T˜ − x2 out
to R1. Then for every y1 ∈ V1 and y2 ∈ V2, ψ˜(y1) is within ǫ/3 of ψ˜(x1)
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and ψ˜(y2) is within ǫ/3 of ψ˜(x2). Since ψ˜(x1) − ψ˜(x2) = ǫ, we must have
ψ˜(y1)− ψ˜(y2) > ǫ/3.
Since dx is irrational, the set of integer translates of T˜ − y1 is dense in
Ωµ. In particular, there is an integer k such that T˜ − (y1 + k) agrees with
T˜ − (x2 − ǫ6) on a ball of radius at least R1 + ǫ6 , up to a translation by less
than ǫ
6
. That is, there is a point y2 ∈ V2 such that
y1 + k < y2 < y1 + k +
ǫ
3
. (31)
However, T˜−y1 and T˜−y2 agree to distance at least R0, so ψ˜(y1)−ψ˜(y2) < ǫ3
by equation (30), which is a contradiction. 
Corollary 18. Suppose that the map F : Ω → Ω has a rotation class [µ]
that is irrational. Then F is locally semi-conjugate to uniform translation
by 1 on Ωµ.
Proof. By Theorem 16, F is semi-conjugate to uniform translation on Ωµ.
By Theorem 17, this semi-conjugacy is the composition of a shape change
and translation by the sPE function Ψ˜. Since both shape changes and
translations by sPE functions preserve the local product structure of tiling
spaces, the pullback of µ˜ = dx by the composition of these maps is an sPE
form, so our semi-conjugacy is local. 
5.2. Proof of Theorems 4 and 5. We now turn to the proofs of Theorems
4 and 5, which we restate for easy reference.
Theorem 19 (Theorem 4). Suppose that F ∈ F(Ω), that [µ] exists and
is irrational, and that [µ] ∈ R dx ⊕ H1AN(Ω,R) ⊂ H1(Ω,R). Then F is
semi-conjugate to a uniform translation on Ω.
Theorem 20 (Theorem 5). Suppose that F ∈ F(Ω) and that [µ] exists
and is irrational. F is semi-conjugate to a uniform translation on Ω, via a
semi-conjugacy that sends each path component of Ω to itself, if and only if
[µ] ∈ R dx⊕H1AN(Ω,R) ⊂ H1(Ω,R).
Both proofs rely on the following result of [JS18].
Lemma 21. Let S : Ω → Ωµ be a shape change map according to the
sPE form µ on Ω. There is a map, homotopic to S−1, that conjugates a
fixed translation on Ωµ to a fixed translation on Ω (possibly by a different
distance) if and only if [µ] ∈ R dx⊕H1AN(Ω,R).
Proof of Theorem 4. Suppose that [µ] ∈ R dx ⊕ H1AN(Ω,R). We have al-
ready established that F is semi-conjugate to uniform translation on Ωµ.
However, by Lemma 21, uniform translation on Ωµ is conjugate to uniform
translation on Ω itself, so F is semi-conjugate to uniform translation on
Ω. 
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Proof of Theorem 5. We begin with the “if” part of Theorem 5. The map
J˜ , constructed above, maps each path component of Ωµ to itself and semi-
conjugates F˜ = S ◦ F ◦ S−1 to uniform translation on Ωµ. If [µ] ∈ R dx⊕
H1AN(Ω,R), then uniform translation on Ωµ is conjugate to uniform trans-
lation on Ω, via a homeomorphism S−11 that is homotopic to S
−1. The map
J := S−11 ◦ J˜ ◦ S : Ω → Ω then sends each path component of Ω to itself
and semi-conjugates F to uniform motion on Ω.
The “only if” direction is more difficult. By assumption, [µ] exists and
is irrational and F is semi-conjugate to a translation map on Ω. We also
know that F˜ is semi-conjugate to a translation map on Ωµ. We will show
that the translations on Ω and Ωµ are conjugate and use Lemma 21 to show
that [µ] ∈ R dx⊕H1AN(Ω,R).
Let J : Ω → Ω be a map that semi-conjugates F to a fixed translation
on Ω. That fixed translation is of course the time-1 sampling of a (uniform
translation) flow Kt on Ω. Let K˜t = S ◦Kt ◦ S−1, and let J˜ ′ = S ◦ J ◦ S−1.
Meanwhile, let J˜ be the lim sup map for F˜ . We then have that J˜ semi-
conjugates F˜ to translation by 1, while J˜ ′ semi-conjugates F˜ to K˜1. Let Ψ˜
and Ψ˜′ be the displacements of J˜ and J˜ ′, respectively. Picking a reference
tiling T˜ , we similarly consider the induced maps f˜ , ˜, ˜′, ψ˜, and ψ˜′.
Lemma 22. The map ˜′ factors through ˜. That is, if x1, x2 ∈ R and
˜(x2) = ˜(x1), then ˜
′(x2) = ˜
′(x1).
Proof of lemma. We can assume without loss of generality that x1 < x2
(since if x1 = x2 there is nothing to prove) and that ˜(x2) = ˜(x1). That is,
lim sup
(
f˜n(x1)− n
)
= x1 + lim sup
(
φ˜n(x1)− n
)
= j˜(x1)
= j˜(x2)
= x2 + lim sup
(
φ˜n(x2)− n
)
= lim sup
(
f˜n(x2)− n
)
. (32)
Since f˜ is orientation-preserving, for every n we have f˜n(x1) < f˜
n(x2),
and hence f˜n(x1)− n < f˜n(x2)− n. Pick ǫ > 0. Since f˜n(x1)− n is within
ǫ/2 of ˜(x1) infinitely often, and since f˜
n(x2) − n is eventually bounded
by ˜(x1) + ǫ/2, there are (infinitely many) values of n for which f˜
n(x2) −
f˜n(x1) < ǫ.
Since ˜′ is continuous, this means that there exist values of n for which
˜′((f˜)n(x1)) and ˜
′((f˜)n(x2)) are arbitrarily close, so the time it takes to flow
by k˜t from ˜
′((f˜)n(x1)) to ˜
′((f˜)n(x2)) is arbitrarily small. However, this is
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exactly the same as the time it takes to flow from ˜′(x1) to ˜
′(x2), since ˜
′
semi-conjugates f˜ to k˜1. Thus we must have ˜
′(x1) = ˜
′(x2).

We return to the proof of Theorem 5. Since ˜′ (or J˜ ′) identifies all points
that are identified by ˜ (or J˜), there must be a continuous H˜ : Ωµ → Ωµ
such that J˜ ′ = H˜ ◦ J˜ , and a corresponding map h˜ : R → R. To show that
H˜ is a homeomorphism, we must show that J˜ ′ only identifies points that
are identified by J˜ .
We now let x1 < x2 be points such that ˜(x1) < ˜(x2). Let y1 = ˜(x1)
and y2 = ˜(x2). Note that h˜ semi-conjugates Γ˜1 (that is, translation by 1
on Ωµ) to k˜1, so for all integers n and y ∈ R,
h˜(y + n) = k˜n(h˜(y)). (33)
If h˜ identifies y1 and y2, h˜ must also identify y1+n and y2+n. However, by
the irrationality of dx, {T˜ − (y1+n)} is dense in Ωµ. Since H˜ is continuous,
this means that h˜ must identify every point y with y + (y2 − y1), and so
must collapse the entire real line to a point. Since this is a contradiction,
we conclude that h˜(y2) 6= h˜(y1). Therefore ˜(x1) = ˜(x2) iff ˜′(x1) = ˜′(x2).
That is, H˜ is a homeomorphism.
Since H˜ conjugates Γ˜1 to K˜1, and since S
−1 conjugates K˜1 to K1 = Γ1,
S−1 ◦ H˜ conjugates uniform translation on Ωµ to uniform translation on Ω.
Since H˜ preserves translational orbits, H˜ is homotopic to the identity, so
S−1 ◦ H˜ is homotopic to S−1. By Lemma 21, [µ] ∈ R dx⊕H1AN(Ω,R). 
5.3. Steps towards Denjoy’s Theorem. Ideally, we would like to prove
an analogue of Denjoy’s Theorem, that if our map F is smooth enough (say,
fT being C
2 for each reference tiling T ), and if [µ] is irrational, then F is
conjugate, and not merely semi-conjugate, to uniform translation on Ωµ.
Recall the usual proof of Denjoy’s Theorem for circle maps. If f : S1 → S1
is an orientation-preserving homeomorphism with irrational winding num-
ber, then there is a map Ψ : S1 → S1 that semi-conjugates f to an irrational
rotation. The map Ψ may collapse intervals to points. Such intervals are
called wandering. If U is a wandering interval, then Un := f
n(U) is also a
wandering interval. If n 6= m and Un∩Um 6= ∅, then we must have Un = Um,
in which case the left endpoint of Un is a periodic point of f , which con-
tradicts the irrationality of the winding number. Thus the intervals {Un}
are disjoint. Since the total length of the intervals is bounded by the cir-
cumference of S1, the length of Un must go to zero as n → ±∞ and the
ratio |U0|
2
|Un||U−n|
must go to ∞. However, that ratio is bounded by a quantity
called the distortion. If f is C2 and f ′ is never zero, then the distortion is
in turn bounded by the integral of |f ′′/f ′| over the entire circle. This is a
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contradiction, so wandering intervals cannot exist, so Ψ must be a genuine
conjugacy.4
Theorem 17 is a very powerful tool, since it says that the intervals that
are collapsed by ˜ (and play a role similar to wandering intervals) can be
identified locally as the intervals where ψ˜ has derivative −1. If R is the
greater of the sPE radius of f˜ and the sPE radius of φ, then we can consider
an approximant XR to Ωµ obtained by collaring out to distance R, and a
map from XR to itself induced by F˜ . Since Ψ˜ is sPE, it can be viewed as a
function of on XR. We call the intervals where ψ˜
′ = −1 collapsing intervals.
As with circle maps, our map induced by F˜ sends each collapsing interval
onto another.
Unfortunately, the resemblance to circle maps ends there. Relative to
a reference tiling T , let Uˆ0 ⊂ R be an interval collapsed by ˜, let Uˆn =
(f˜)n(Uˆ0), and let Un be the image of Un in XR. Of course the intervals Uˆn
are disjoint, but they march off to infinity, so there is no a priori reason
why their total length should be finite. As for the collapsing intervals Un,
they don’t have to be disjoint! If Un = U0, this merely says that the
patches around Uˆn and Uˆ0 are the same. It does not imply that Uˆ2n will be
similar, or that we have a periodic orbit in XR, and does not contradict the
irrationality of µ. XR is a branched manifold, and the map induced by f˜ on
XR is not single-valued. When we reach branch points, it can pick either
branch, and does so in a way that reflects the underlying non-periodicity of
our tilings.
This is not to say that Denjoy’s Theorem is false for tiling spaces. We
conjecture that, when f is C2 and µ is irrational, F will indeed be conju-
gate to uniform motion. However, the proof of this conjecture will not be
straightforward. It will either require properties of strong pattern equivari-
ance such as stronger versions of Theorem 17, or it will require a strategy
qualitatively different from the usual proof for circle maps.
6. Examples
In this section we examine a number of different tiling spaces and maps
on these spaces to get a feel for the meaning of our main theorems.
Example 1 (The Fibonacci tiling). The Fibonacci tiling has alphabet A =
{a, b} and the allowed (bi-infinite) sequences of tile labels are generated by
the substitution a → ab, b → a. We pick two arbitrary positive constants
La and Lb to be the lengths of the a and b tiles, and denote by ΩF ib the
resulting space of tilings.
4When f is C2 but f ′ is zero at isolated points the argument is technically more
complicated, but follows the same overall strategy.
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The cohomology of Ω does not depend on La and Lb. Regardless of the
tile lengths, Hˇ1(ΩF ib,R) = R
2. Let ia be an sPE 1-form that integrates
to 1 on each a tile and to 0 on each b tile, and let ib integrate to 1 on
each b tile and to 0 on each a tile. Since the sequences associated to the
Fibonacci tiling are Sturmian, the form ia − φib, where φ = (1 +
√
5)/2, is
asymptotically negligible. Meanwhile, dx is cohomologous to Laia + Lbib.
Since [dx] and [ia−φib] span Hˇ1(ΩF ib,R), every sPE 1-form can be written
as a multiple of dx plus something asymptotically negligible. In particular,
if F¯ is any unidirectional flow on Ω with sPE velocity function V , and if
µ = dx/v, then there is a nonzero constant ρ and an asymptoticaly negligible
form β such that µ = ρdx + β. By Theorem 12, F¯ is then topologically
conjugate to uniform translation on ΩF ib at speed ρ.
The key points are that Hˇ1(ΩF ib,R)/Hˇ
1
AN(ΩF ib,R) = R and that this
group is generated by [dx]. This is reminiscent of the situation for circle
maps, where H1(S1,R) = R is already generated by [dx], and there are no
nontrivial asymptotically negligible classes. For any tiling space (meeting
the usual assumptions) where Hˇ1/Hˇ1AN = R, an sPE self-homeomorphism
F that is homotopic to the identity is conjugate to a uniform translation if
and only if it is the time-1 sampling of an sPE flow.
Example 2 (A non-Pisot substitution). The situation is different when the
substitution matrix is not Pisot. Consider a space ΩnP of tilings generated
by the substitution a → ab, b → aaa, with tile lengths La = Lb = 1. As
with the Fibonacci tiling, Hˇ1(ΩnP ,R) = R
2 is generated by [ia] and [ib].
However, the substitution matrix M = ( 1 31 0 ) has eigenvalues (1 ±
√
13)/2,
and hence is expansive. Any (nontrivial) linear combination of ia and ib
gives large results when integrated over supertiles of sufficiently large order.
Thus Hˇ1AN(ΩnP ,R) is trivial.
Suppose that we have n flow F¯ on ΩnP with sPE velocity that takes 1
second to cross each a tile and 2 seconds to cross each b tile. Then µ will be
cohomologous to ia+2ib, while dx is cohomologous to ia+ ib. Since µ is not
cohomologous to a multiple of dx plus something asymptotically negligible,
F¯ cannot be conjugated to a uniform translation on ΩnP .
Note that if we do a shape change by µ to ΩnP , then we obtain a space
Ωµ of tilings with La = 1 and Lb = 2. On Ωµ, the time it takes to cross a
tile is exactly equal to its length, and the flow F¯t has been conjugated to
Γt. However, Γt on Ωµ is not conjugate to any Γρt on ΩnP .
To summarize, Hˇ1(ΩF ib,R) = Hˇ
1
AN(ΩF ib,R) ⊕ R, so every shape change
on ΩF ib is conjugate to a uniform dilation, and every unidirectional flow
on ΩF ib with sPE velocity is conjugate to uniform translation on ΩF ib at
some speed ρ 6= 0. However, Hˇ1(ΩnP ,R) 6= Hˇ1AN(ΩnP ,R)⊕ R, so there are
shape changes on ΩnP that change the translational dynamics. Every flow
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on ΩnP with sPE velocity can be conjugated to a uniform flow on some
shape-changed space Ωµ, but that is different from a uniform flow on the
original space ΩnP .
Example 3 (A Denjoy-like construction). Denjoy [Den32] constructed a
circle map with irrational rotation number that is semi-conjugate, but not
conjugate, to a uniform rotation. Here we adapt Denjoy’s construction
to get a map of tiling spaces, with irrational rotation class, that is semi-
conjugate but not conjugate to uniform translation.
We first recall Denjoy’s construction. Start with a circle S1 = R/Z of
length 1, an irrational number α, and a countable collection {In}, n ∈ Z of
closed intervals, disjoint from each other and from S1, whose total length
is finite. Let r : S1 → S1 be rotation by α. Pick a point x0 ∈ S1 and let
xn = r
n(x0).
Now construct a new circle S¯1 by replacing each point xn ∈ S1 by the
interval In. The total length of S¯
1 is finite, and we can rescale to give
it total length 1. We define a new map f : S¯1 → S¯1 that maps each
In homeomorphically (say, linearly) onto In+1, and that equals r on the
complement of the inserted intervals. Note that f is not minimal, since the
orbit of a point in the complement of the inserted intervals does not contain
any points in In, so its closure does not contain any points in the interior
of In.
Since f is not minimal, it cannot be topologically conjugate to an irra-
tional rotation. Since f has no periodic points, it cannot be topologically
conjugate to a rational rotation. Thus f is not conjugate to any rotation.
However, f is semi-conjugate to a rotation by α, since if π : S¯1 → S1 is the
obvious projection, then π ◦ f = r ◦ π.
We now transfer this construction to the category of 1-dimensional FLC
tiling spaces. Let Ω be such a tiling space whose tiles all have integer
length. (Say, all of length 1). Then there is a map π : Ω → S1 that sends
each tiling to the common location of all its vertices (mod 1). This gives
Ω the structure of a Cantor bundle over S¯1.5
Now pick an irrational α ∈ (0, 1) and construct f as before. Let F0 :
R → R be a lift of f such that, for all x ∈ R, x < F0(x) < x + 1 and
F0(x + 1) = F0(x) + 1. We now define a self-homeomorphism F : Ω → Ω.
For each tiling T ∈ Ω with vertices at integer points, and for each x ∈ R,
let F (T − x) = T − F0(x). Since (T + n) − F0(x + n) = T − F0(x), F is
5It is always possible to do a shape change to make all the tiles have integer length,
so every tiling space is homeomorphic to a Cantor bundle over a circle. Moreover, every
higher dimensional minimal FLC tiling space is homeomorphic to a Cantor bundle over
a torus. [SW03]
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well-defined. F is not conjugate to a uniform translation, but the projection
π : S¯1 → S1 lifts to a self-map of Ω that semi-conjugates F to Γα.
Example 4 (A map with multiple rotation classes). In Theorem 15 we
showed that if a map F ∈ F(Ω) has an irrational rotation class, then this
class is unique. Here we show that a map on a tiling space can have multiple
rotation classes, all of them rational.
Pick an ǫ ∈ (0, 1/10) and consider a Fibonacci tiling space Ω with tile
lengths La = 1 + ǫ and Lb = 1 − φǫ, where φ = (1 +
√
5)/2 is the golden
mean. The length of n consecutive tiles is close to n, with the difference
being bounded by φ2ǫ < 3ǫ < 0.3, but is never exactly n.
On this space, let F = Γ1. Manifestly, dx is a rotation class for F , and
is cohomologous to (1 + ǫ)ia + (1 − φǫ)ib. Note that the F -orbit of a tiling
with a vertex at the origin always has a vertex within 0.3 of the origin, so
this orbit is not dense and dx is rational.
Pick an arbitrary s ∈ (0, 1) and let µs = (1 + sǫ)ia + (1 − sǫφ)ib. If x1
and x2 are corresponding points in large patches, then they are separated
by the lengths of n consecutive tiles. Since
∫ x2
x1
µs = s(x2 − x1) + (1− s)n,
the integral
∫ x2
x1
µs is strictly between n and x2 − x1, and therefore has the
same integer part (either n or n − 1) as x2 − x1. Since the estimates that
characterize a rotation form µ only depend on whether or not
∫ x2
x1
µ is an
integer, and on the integer part of that integral, µs is a rotation form, and
since [ia] and [ib] are a basis for H
1(Ωfib) = Z
2, [µs] 6= [dx] as rotation
classes.
Example 5 (Maps without rotation classes). We now construct a family
of tiling spaces, and maps on those tiling space, meeting the usual technical
assumptions, for which rotation forms do not exist. By the contrapositive
to Proposition 11, these maps are not time-1 samplings of flows with sPE
velocity, and in particular are not conjugate to translations on Ω or on any
shape change of Ω.
Our examples are all fusion tilings [FS14a]. These are hierarchical tilings
that generalize substitution tilings. In our examples, there are three species
of tiles, labeled a, b, and c, that group into two kinds of clusters, A1 and
B1. The A1 and B1 clusters then group into larger clusters A2 and B2, that
group into larger clusters A3 and B3, and so on. We will show that every
sPE 1-form µ has the property that, for all sufficiently large j,
∫
Aj
µ =
∫
Bj
µ.
However, our F will be such that the number of steps needed to cross an Aj
tile is different from the number of steps needed to cross a Bj tile. In fact,
the difference in those crossing times can be made arbitrarily large! This
implies that the arbitrary form µ is not a rotation form, so rotation forms
(and rotation classes) for these maps do not exist.
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We begin our construction with the tiles a, b, and c. Let c be a tile of
length Lc = 1, and let a and b have lengths greater than 1. (For example,
La = Lb = π.) Pick a smooth function φ on the disjoint union of the three
tiles a, b, and c, such that φ(x) = 1 on the endpoints of the three tiles, and
such that for any two points x1 < x2 within the same tile, x1+φ(x1) < x2+
φ(x2). This extends to a function on all the points of any tiling constructed
from a, b, and c tiles. We now define a map
F : Ω→ Ω, F (T ) = T − φ(T (0)), (34)
where T (0) means the origin of the tiling T . That is, our displacement map
Φ : Ω → R is given by Φ(T ) = φ(T (0)), and the function φT is just the
restriction of φ to the points of T itself.
Now pick integers n2, n3, n4, . . . that grow sufficiently rapidly. (The pre-
cise rate required will depend on φ.) We construct our “supertiles” Aj, Bj
recursively, as follows:
A1 = ac, (35)
B1 = bc, (36)
Aj = (Aj−1Bj−1)
nj if j > 1, (37)
Bj = A
nj
j−1B
nj
j−1 if j > 1. (38)
That is, an Aj is an Aj−1 followed by a Bj−1 followed by an Aj−1 followed
by a Bj−1, etc., with each kind of (j−1)-supertile appearing nj times, while
a Bj consists of nj Aj−1’s followed by nj Bj−1’s. Note that every Aj and Bj
supertile begins with an Aj−1 and ends with a Bj−1. Thus every Aj and Bj
is preceded by a Bj−1 and followed by an Aj−1. Also note that the lengths
|Aj| of Aj and |Bj| of Bj are equal.
Let α be an sPE 1-form with some radius R. Then there is a positive
integer j − 2 such that |Aj−2| = |Bj−2| > R. This implies that for every
k with k > j − 2, ∫
Ak
α is the same for every Ak cluster, regardless of
where that cluster sits in the tiling. Likewise,
∫
Bk
α is the same for every
Bk cluster. But then, for every k ≥ j,∫
Ak
α = nk
∫
Ak−1
α + nk
∫
Bk−1
α =
∫
Bk
α. (39)
That is, integrating sPE forms cannot distinguish between A and B super-
tiles of sufficiently high degree.
Next we consider the dynamics of F . Note that F takes the left endpoint
of each c tile to the right endpoint. The specific dynamics of F on a and b
induce maps F1,a : c → c and F1,b : c → c. For x ∈ c, consider iterates of x
under F . If c is followed by ac, then let F1,a(x) be the first return of x in
c. In this way F1,a : c → c. Identifying the endpoints of c to form a circle,
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F1,a is a circle map, and hence has a rotation number ρ1,a. Likewise, let F1,b
be the first return on c when followed by bc, and let the induced rotation
number on c be ρ1,b. For definiteness, we take both ρ1,a and ρ1,b to lie in
[0, 1). We also let ρ1,ab be the rotation number of F1,b ◦F1,a. Note that ρ1,ab
is generically not congruent to ρ1,a + ρ1,b (mod 1).
The number of steps needed to cross an A1 is always one of two consec-
utive integers ma,1 and ma,1 + 1. Similarly, the number of steps needed to
cross a B1 is either mb,1 or mb,1+1. If N is a large integer, then the number
of steps needed to cross AN1 is approximately N(m1,a + 1 − ρ1,a), and the
number of steps needed to cross BN1 is approximately N(m1,b + 1 − ρ1,b).
(In both cases, it takes at most N(m + 1) steps, but we save a step every
time the circle map crosses back from the end of c to the beginning, which
happens a fraction ρ of the time.)
As a result, if n2 is large, the number of steps needed to cross B2 =
An21 B
n2
1 is approximately (that is, within one of) n2(m1,a+m1,b+2− ρ1,a−
ρ1,b). Meanwhile, the number of steps needed to cross A2 = (A1B1)
n2 is
approximately n2(m1,a + m1,b + 2 − ρ1,ab). (Depending on whether it is
sometimes possible to cross A1B1 in m1,a + m2,a steps, we may need to
take ρ1,ab in [1, 2) for this to apply.) Since ρ1,ab is not equal to ρ1,a + ρ1,b
(mod 1), if we take n2 large enough we can get the crossing times to differ
by an arbitrarily large amount.
The crossing of A2 and B2 generate their own return maps from the
copy of c immediately preceding the supertile to the one at the end of the
supertile. Call these F2,a and F2,b, with rotation numbers ρ2,a and ρ2,b. As
before, the rotation number of F2,b◦F2,a, which we denote ρ2,ab, is generically
not equal to ρ2,a + ρ2,b (mod 1). By taking n3 large enough, we can make
the crossing time for B3 = A
n3
2 B
n3
2 , which is approximately n3(m2,a+m2,b+
2− ρ2,a− ρ2, b) differ by an arbitrarily large amount from the crossing time
for A3 = (A2B2)
n3 , which is approximately n3(m2,a +m2,b + 2− ρ2,ab).
We repeat the process, using the fact that generically ρj−1,ab 6= ρj−1,a +
ρj−1,b to pick nj big enough so that the crossing times for An and Bn differ
by more than 1. The end result is a tiling space Ω and a map F on Ω with
sPE displacement that has no rotation class.
Example 6 (A map with no rotation number). Finally, we construct an
example that has a rotation class, but that doesn’t have a rotation number.
We consider a fusion tiling with two tile types, a, and b, each of length 1.
The fusion rule is
An = A
10n
n−1Bn−1, Bn = AB
10n
n−1, (40)
where A0 = a and B0 = b. The translation flow on the resulting tiling
space Ω is minimal but not uniquely ergodic. Rather, there are two ergodic
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measures, µ and ν, that describe the frequencies of patches in a high-order
A-supertile (where roughly 90% of the tiles, 99% of the 1-supertiles, and
99.9% of the 2-supertiles are of type A), and the frequencies of patches in a
high-order B-supertile (where only 10% of the tiles, 1% of the 1-supertiles
and 0.1% of the 2-supertiles are of type A).
Let v0(x) be exactly 1 on every a tile and 2 on every b tiles. Convolve
v0 with a smooth bump function of narrow support to get a smooth sPE
velocity function v(x). Let F be the time-1 sampling of the flow by v. By
the results of Section 3, dx/v is a rotation form, and [dx/v] is a rotation
class. However, the limit
lim
n→±∞
fnT (x)− x
n
(41)
depends on the reference tiling T and may not even exist.
If T is in the support of µ, then roughly 90% of the tiles are type a, and
take about 1 unit of time to cross, while 10% are type b, and take about
half a unit of time to cross. The time needed to cross a distance L averages
to approximately
0.9L+
0.1L
2
= 0.95L (42)
so the distance traveled per unit time is about 1/0.95 ≈ 1.05. In this case,
both limits in (41), as n→∞ and as n→ −∞, will be around 1.05.
If T is in the support of ν, then only 10% of the tiles are of type a, 90%
are of type b, and the time needed to cross a distance L is, on average,
0.1L+
0.9L
2
= 0.55L. (43)
In this case both limits in (41) will be around 1/0.55 ≈ 1.8. If T is neither
in the support of µ nor in the support of ν, then the limits in (41) may not
exist, or may not agree. For instance, if T consists of an infinite-order A-
supertile for x > 0 and an infinite-order B supertile for x < 0, then the
limit as n → +∞ will be around 1.05, while the limit as n → −∞ will be
around 1.8.
Although this map comes from a flow and is conjugate to a uniform
translation on a tiling space Ω[dx/v], the concepts of rotation number and
ρ-boundedness simply make no sense on Ω itself and none of the results of
[AP10] apply. This example shows that the assumption of unique ergodicity
in Theorem 7, and in our main theorems, is essential.
7. Conclusions and open problems.
In this paper we have studied rotation theory in the category of FLC
tiling spaces and maps with sPE displacement. In this setting we have
shown that
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(1) Instead of having a rotation number, we need to study the rotation
class [µ] ∈ H1(Ω,R).
(2) This class doesn’t always exist and isn’t always unique. However,
irrational rotational classes are unique, and maps where the rotation
class does not exist do not come from time-1 samplings of flows with
sPE velocity.
(3) Unlike with circle maps, there is a difference between coming from a
flow with sPE velocity and being conjugate to a uniform translation.
If a map F : Ω→ Ω comes from a flow with sPE velocity, then F is
conjugate to uniform translation on a different space Ωµ, where Ωµ
is obtained from Ω by doing a shape change by the rotation class µ.
Whether or not F is conjugate to uniform translation on Ω itself,
via a map that preserves path components, is purely a cohomological
question.
(4) If a map F ∈ F(Ω) has a rotation class [µ] that is irrational, then
F is semi-conjugate to uniform translation on Ωµ. F is then semi-
conjugate to uniform translation on Ω itself, via a map that preserves
path components, if and only if [µ] ∈ R dx⊕H1AN(Ω,R).
One natural open question is whether a version of Denjoy’s Theorem
applies in this situation. Is there a condition on the smoothness of F that
guarantees that the resulting semi-conjugacies are in fact conjugacies? We
believe the answer to be “yes”, but the usual approaches to proving Denjoy’s
Theorem for circle maps do not carry over to tiling spaces. A genuinely new
approach is needed.
Another natural open question is to study what happens when we relax
the assumptions that our maps have sPE displacement and that our flows
have sPE velocity. For instance, we could ask when a map F with sPE
displacement on a tiling space Ω with FLC is the time-1 sampling of a flow
whose velocity function is not necessarily sPE. The trouble is that, if such
a flow existed, the resulting form µ = dx/v would not be sPE, so doing a
shape change by µ would change Ω into a space of tilings that no longer
have FLC. This problem is not really approachable using the existing theory
of FLC tilings.
Relatively little is known about tilings with infinite local complexity, or
ILC. (See [FS14b] for some recent results.) The Cˇech cohomology of the
tiling space is well-defined, but does not directly correspond to a theory
of PE forms. An alternate approach is to study the cohomology of wPE
forms, without regard to Cˇech cohomology, but this “weak PE cohomology”
is infinitely generated even for simple tilings like the Fibonacci tiling.
The upshot is that, once we leave the category of FLC tilings and of
sPE functions, flows and maps, the problem stops reflecting the fairly rigid
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structure of tilings. Instead, it becomes a problem about “matchbox mani-
folds” is general. That is, about foliated spaces with 1-dimensional leaves.
Such problems are interesting and well worth studying, but require a whole
new toolkit.
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